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ABSTRACT: A new theoretical framework is proposed for modeling diffusion-controlled free-radical po-
lymerization reactions. Termination and propagation rate constants as well as initiator efficiency are expressed
in terms of areaction-limited term and a diffusion-limited one. The latter is shown to depend on the diffusion
coefficient of the corresponding species (i.e., polymer, monomer, primary radicals) and an effective reaction
radius. All parameters appearing in the diffusion-limited part of the kinetic rate constants have a clear
physical meaning and can be evaluated in terms of the physical and transport properties of the reacting
species. It is shown that the proposed approach for modeling diffusion-controlled reactions does not require
the introduction of critical break points to mark the onset of various diffusional effects (i.e., gel effect, glass
effect). The ability of the present model to elucidate the mechanism of diffusion-controlled reactions is
demonstrated by analyzing the free-radical polymerizations of styrene and methyl methacrylate initiated by
the thermal decomposition of AIBN, AIBME, AVN, and LPO chemical initiators. It is shown that, at high
conversions, initiator efficiency strongly depends on the size of initiator molecules. The present model
predictions are in excellent agreement with experimental data on monomer conversion, total radical
concentration, and average molecular weights measured in different laboratories by O’Driscoll and Huang*?

and Zhu et al.1°

Introduction

Besides the conventional chemical kinetics, physical
phenomena related to the diffusion of various chemical
reactive species are very important in free-radical poly-
merizations. Infact,at highmonomer conversions, almost
all elementary reactions can become diffusion-controlled.
Reactions which are influenced by diffusion phenomena
include termination of “live” macroradicals, propagation
of a growing chain, and chemical initiation reactions.

Diffusion-controlled termination, propagation, and ini-
tiation reactions have been related to the well-known
phenomena of gel effect, glass effect, and cage effect,
respectively. In the past 20 years, several models have
been published dealing with the mathematical description
of diffusion-controlled kinetic rate constants in free-radical
polymerizations.

Thegel effect, or Trommsdorff-Norrish effect, has been
attributed to the decrease of the termination rate constant
caused by a decrease of the mobility of polymer chains.
This phenomenon strongly affects the final polymer
properties, since it leads to a broader molecular weight
distribution. It can also cause the thermal runaway of a
polymerization reactor. There are a great number of
publications dealing with the mathematical description
of the gel effect. These have been recently reviewed by
Achilias and Kiparissides! and Mita and Horie.2

The glass effect has been related to the decrease of the
propagation rate constant caused by a decrease of the
mobility of the monomer molecules. The glass effect
appears in polymerizations taking place at temperatures
below the glass transition temperature of the polymer. A
consequence of this phenomenon is the “freezing” of the
reaction mixture at conversions below 100%. At the
limiting conversion, the glass transition temperature of
the polymer/monomer mixture becomes equal to the po-
lymerization temperature. Diffusion-controlled propa-
gation reactions have been modeled by several investigators
and have been reviewed by Achilias and Kiparissides! and
Mita and Horie.?

Chemical initiation involves the decomposition of ini-
tiator molecules to form very active primary radicals
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capable of initiating new polymer chains. However, due
to the very close proximity of the generated radicals, not
all of them can eventually escape from their “cages” to
react with monomer molecules. In fact, some primary
radicals will either self-terminate or react with other
nearest-neighboring molecules before diffusing out of their
“cages”. The concept of a primary radical “cage” formed
by neighboring molecules (i.e., growing radicals, polymer
chains, solvent molecules) surrounding the new generated
radicals was first introduced by Frank and Rabinowitch34
and later modeled by Noyes.’¢ To account for this
phenomenon, they introduced an empirical parameter, £,
called the initiator efficiency factor, which represents the
fraction of all generated initiator primary radicals leading
to formation of new polymer chains. This parameter can
take values in the range 0—1. Whether or notthe efficiency
factor remains constant during a polymerization is still a
subject of discussion and present research activities. In
a great number of papers, f has been treated as a constant
parameter. Indeed, experimental results reported by
Brooks? provided some evidence for a constant initiator
efficiency. However, De Schrijver and Smets® found that
the initiator efficiency was slightly decreased at high
conversions due to the increase of the viscosity of the
reaction medium.

Recent experimental results®!! show that initiator
efficiency can dramatically change with monomer con-
version. This indicates that diffusion of primary radicals
will be influenced by the physical and transport properties
of the reaction medium.

The first theoretical models on the prediction of initiator
efficiency were based on the assumption that kinetic
limitations rather than diffusion phenomena were re-
sponsible for the observed decrease in f during polym-
erization.12’1* Arai and Saito!516 first pointed out the
importance of diffusional phenomena in modeling the
change of initiator efficiency in free-radical bulk poly-
merizations. They employed the generalized free-volume
theory to calculate the variation of the diffusion coefficient
of primary radicals in the reaction medium. However, it
should be pointed out that some parameters in Arai and
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Saito’s model were determined by fitting model predictions
to experimental data.

Stickler!? studied the polymerization kinetics of the
Bz0,/MMA system near its glassy point and found that
the initiator efficiency varied in the range 0.1-0.2. An
attempt to model the cage effect was also presented by
Denisov.!® He concluded that both rotational and trans-
lational motion of initiator primary radicals could influence
this phenomenon. In 1985, Itol® developed a model to
describe the cage effect in free-radical polymerizations
and proposed an equation for the estimation of initiator
efficiency. An elaborate theory describing the decrease
of initiator efficiency at high conversions was presented
by Russell et al.?® They were able to calculate f from
experimental data and proved that f was independent of
initiator concentration although it depended on initiator
type. They also pointed out that f could decrease by many
orders of magnitude beyond a critical conversion marking
the abrupt change of physical and chemical properties of
the system. Zhu and Hamielec?! utilized Balke’s?? ex-
perimental data toshow the existence of a dramatic change
in initiator efficiency near the glassy state of the reacting
mixture.

Recent advances in analytical techniques for the mea-
surement of the total live radical concentration have given
a new insight to the experimental determination of the
initiator efficiency. Ballard et al.?® used an electron spin
resonance (ESR) spectrometer to measure the variation
of the propagation rate constant in the emulsion polym-
erization of MMA. The use of the ESR technique for the
direct measurement of radical concentration has been
reviewed by Kamachi.?¢ Shen et al.? first measured
directly the total radical concentration in the bulk po-
lymerization of MMA. They were actually able to verify
experimentally the increase in the radical population
during the autoacceleration of the polymerization rate.
Later, Zhu et al.l® using ESR measured the radical
concentration in the free-radical bulk copolymerization
of MMA/EGDMA over the entire conversion range. The
same authors, in a later publication,? were able to measure
experimentally the average termination rate constant
throughout the course of the reaction.

Almost all models appearing in the literature contain
a number of adjustable parameters estimated by fitting
model predictions to experimental data. Moreover, critical
break points are often introduced to mark the onset of
different diffusional processes occurring during polym-
erization. In the present work, an attempt is made to
develop a general framework for modeling the diffusion-
controlled termination and propagation rate constants as
well as to predict the variation of initiator efficiency with
monomer conversion. The diffusion models presented in
this work are based on a mathematical representation of
the physical phenomena taking place during the polym-
erization and contain no adjustable parameters. Allmodels
describing the diffusion-controlled kinetics of the various
elementary reactions of interest consist of a reaction-
limited term and a diffusional one. Nocritical break points
are required to mark the onset of the various diffusional
effects. The ability of the new theoretical framework to
describe diffusion-controlled phenomena in free-radical
polymerizations is demonstrated by analyzing several po-
lymerization systems, including the bulk polymerization
of methyl methacrylate and styrene. To our knowledge
this is the first attempt to predict the variation of radical
concentration as well as conversion and average molec-
ular weights during polymerization by taking into account
simultaneously the diffusion-controlled dependence of all
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Figure 1. Schematic diagram illustrating the coordinate system
used in describing the primary radical diffusion process.

three kinetic parameters ki, k,, and f on the polymeriza-
tion conditions.

Diffusion-Controlled Initiation Reaction

The thermal decomposition of initiator is assumed to
proceed according to the following kinetic mechanism:

Primary Radical Initiation

kq
I—2PR" + Gt 08
Primary Radical Deactivation

ke
PR*+PR' —T 2

Polymer Chain Initiation

ki
PR+ M—P*, @)

All reactions are considered to be elementary and
irreversible. According to the “cage” modeling concept
elaborated above, the various molecular species in the
reaction medium form around the primary radicals, PR®,
a cell which inhibits their diffusion. As a result, only a
fraction of the generated radicals succeed in escaping from
the cage to initiate new polymer chains.

The primary radical diffusion rate will depend on the
diffusion coefficient of the radicals, D;, as well as the
viscosity and temperature of the reaction medium. Fol-
lowing a modeling approach similar to the one described
in our previous article,! the primary radical cage is
approximated by two concentric spheres of radii r, and r,
(Figure 1). It is assumed that primary radicals are only
generated in the initiator reaction sphere of radius ry,
placed inside the larger diffusion sphere of radius rz, shown
schematically in Figure 1. Only radicals escaping from
the diffusion sphere of radius r, can react with monomer
to initiate new polymer chains.

Let [PR*) be an effective concentration of primary
radicals outside the diffusion sphere, ro. The distance
that primary radicals have to travel to escape from the
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cage will be r; = r; - r;. Assuming a one-dimensional
steady-state mass transfer process, the diffusion rate of
primary radicals out of the cage will be equal to the
extensive chain initiation reaction rate between monomer
and escaping primary radicals, R';:

d[R"]
U dr
Equation 4 will satisfy the following boundary conditions:

[R1=[PR'], r=r

~47xr’D

= R’] 4

[R1=[PR'Y, r=r, (5)
integrating eq 4 from r; to r; and assuming that ro > ry,
we obtain

D;(4=r)([PR'] - [PR']) = R’ 6)

According to eq 3, the extensive chain initiation reaction
rate, R’;, will be given by

R'; = k [PR'VIM]V, )

where kj is the intrinsic chain initiation rate constant and
[PR*Y is the effective primary radical concentration. V
denotes an effective chain initiation reaction volume and
is assumed to be equal to 47r;?/3. From eqs 6 and 7, one
can estimate the effective primary radical concentration
{PR*}’ in terms of {PR*], [M], Dy, ko, and the radii r; and
ra.

[PR'V/[PR'Y = [1 + k,,[M1r,%/(3r,Dp] 8)

Assuming that the quasi-steady-state approximation
(QSSA) for primary radicals holds true, one can express
the extensive chain initiation reaction rate as

Ry = ky[PRY[M] = 2fk,4[1] ®)
or at very low conversions
Ry =k [PR°1[M] = 2f k4[1] (10)

where f; and f denote the initial initiator efficiency (at ¢
=(0) and the time-varying initiator efficiency, respectively.
Dividing eqs 9 and 10 and substituting eq 8 into the
resulting expression, we obtain

1, ke M1
fo 38rfy D

As shown later, the functional form of eq 11 is similar
to that of eqs 30 and 48 describing the variation of the
termination and the propagation rate constants with
conversion. Infact, eq 11 accounts for both chemical (i.e.,
intrinsic initiator efficiency) and physical (i.e., primary
radical diffusion) phenomena affecting the overall initiator
efficiency during polymerization.

To obtain a relative measure of the importance of the
two terms in eq 11, we introduce two characteristic time
constants, 7p; and 7gr:

1
2= 11

o1 = (rp/3r D) gy = (RyoIMD)! (12)

rp1 and Tg; are the characteristic times related to the
diffusion of primary radicals and the chain initiation
reaction 3, respectively. From eq 11 and the definitions
of 7pr and 7Ry, the initiator efficiency can be expressed as

f=f/Q+ mp/Tr) (13)

Note that the initiator efficiency, f, will depend on the
ratio rpy/rr;. Thus, if diffusion of primary radicals is
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important (i.e., 7p1 > 7R, then the initiator efficiency, f,
will be smaller than fo:

TDI > TRI’ f< fo (14)

On the other hand, if the characteristic time for chain
initiation, 7R, is greater than rp;, then the initiator
efficiency will remain constant:

f=f (15)

According to eq 11, for the calculation of f one needs to
know the values of the parameters, Dy, r2%/3ry, and kjo. In
what follows, theoretical expressions are derived which
make possible the analytical estimation of these param-
eters from the physical and transport properties of the
reacting system.

Calculation of the Primary Radical Diffusion
Coefficient Dy. The calculation of Dy is based on the
generalized free-volume theory of Vrentas and Duda.2:28
According to the cage model described above, primary
radicals diffuse into an environment consisting of monomer
molecules as well as macromolecules (i.e., “live” macro-
radicals and “dead” polymer molecules), which means that
diffusion occurs into a ternary solution. The diffusion
coefficient of primary radicals can be expressed according
to Vrentas et al.?® as

D; =D, exP[“Y(“’me*fzs/ §t “’IVI* + “’pr*fza.)/ Vf]
(16)

DI < TRI

where
Vim oV Ve + ol V¥ Ve + 0,V ¥V, (1)
s = (VAM)/(V*M,), i=1,2,3 (18)

The subscript i identifies the monomer (1), initiator
(2), and polymer chains (3). Assuming that the weight
fraction of primary radicals (wy) is very small compared
to the corresponding weight fractions of monomer and
polymer, eq 16 reduces to

D; = Dy expl~y(wy, Vi *Ena/ b1 + 0,V *E20) V] (19)
V= V ¥V, + W, Vp* Vio (20)

Substituting eq 18 into eq 19, we obtain
D; = Dy, expl—y Vi*Myl(w,/ M) + (/M V]  (21)

All symbols are explained in the Nomenclature. For
the calculation of Dy from eq 21, one needs to know the
values of the physical parameters of the monomer—polymer
system (Mim, Mip, Vim, Vips Vi*, V,,*) and the values of the
parameters (Vi*, Mj1, v, Dy related to the initiator
molecules. The first set of parameters is calculated
according to the generalized free-volume theory of Vren-
tas and Duda.?’?® The latter set includes the specific
initiator volume, V1*, which is estimated according to Ha-
ward,® the molecular weight of the initiator fragment,
Mj, the initiator overlap factor, v, and the diffusion
coefficient of the primary radicals, Dy. Unfortunately,
there are no available data in the open literature with
respect to the last two parameters (v, Dy). Inthe present
work, the value of v was taken equal to 1 for all types of
initiators. The estimation of Dy, is discussed next.

To examine the validity of the assumption D; = Dy, that
was originally proposed by Russell et al.,2® we first derive
an expression for the monomer diffusion coefficient in a
ternary solution. Following the theoretical developments
of Vrentas et al.?? D, is expressed as

D, =D, exp[—y(mem* + “’IVI*Ela/ 3t “’pvp*&s)/ Vf]
(22)
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For small values of w, eq 22 is reduced to

D, =D gexpl-y(w, Vo * +«,V *)/ V] (23)
Substituting eq 18 into eq 23 yields
D,, = D expl~y V, *M,, [0/ M) + (w0 /M;)1/ V]

(24)
Finally, from eqs 21 and 24 we obtain
D, D,
In zTI; = [(V*Mp)/(V *M,)1 In D, (25)

Note that the diffusion coefficient of the primaryradical,
Dy, will be equal to the diffusion coefficient of the monomer,
Dy, if the following equation is satisfied:

VM, =V *M,, (26)

Itshould be pointed that Dyand, implicitly, the initiator
efficiency will depend on the molecular weight of the
diffusing radical, Mj. Thus, as the molecular weight of
the primary radical increases, the diffusion coefficient
decreases (see eq 21) as well as the initiator efficiency
according to equ 11. Russell et al.?% obtained the same
qualitative results but they did not offer a quantitative
explanation.

Calculation of kjp. ki is the intrinsic kinetic rate
constant for the chain initiation reaction 3. Its value will
depend on the type of initiator and monomer molecules
and will obey an Arrhenius equation with respect to the
polymerization temperature. To our knowledge there are
no available data on k;, for various monomer—initiator
systems. However, for the AIBME-initiated MMA po-
lymerization, the molecular structure of the primary radical
(PR*) resembles that of the chain end of the polymeric
radical:3!

CH, CH;
CH3—C" ~CH,—C*
CQOCH, COOCH,

Therefore, it is reasonable to assume that the propa-
gation rate constant k5o will be equal to the chain initiation
rate constant k. For the same system AIBME/MMA,
one can assume that D; = Dy,

For the AIBN-initiated MMA polymenzatxon, the mo-
lecular structure of the primary radicals is

CH;
H3—-Cl'
cz=N

Since the structure of the two radicals (i.e., primary and
growing polymer chains) is not very different, we can
assume that the following relationship between k; and
kpo will hold true:

where ¢;is a proportionality constant. Inthe present work,

the ratio ¢/Dy is treated as a single unknown parameter.

Its value is estimated from the application of the following
initial condition:

f= f o x=0 (28)

Calculation of r2%/(3r;). The term ry3/(3r;) contains

the geometrical features of the cage. Assuming that the

initiator fragments are not very different in size from the
monomer molecules, r; can be approximated by the
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diameter of a monomer molecule.

= (6V /7N '® (29)

Assuming that Dx D and kjp  ky, the value of r, was
found to be equal to the initial hydtodynamlc diameter
of the polymer. Thus, the expression r; = 2(Ry) was used
in all initiator-monomer systems studied in this work.

Diffusion-Controlled Termination Reaction

Following the original model developments of Chiu et
al.,% Achilias and Kiparissides! derived an analytical
expression for the diffusion-controlled termination rate
constant:

1.1, 0N
k, ky 3D,

According to this model, the reciprocal of the effective
rate constant, 1/k, will be given by the sum of two terms.
The first term, 1/ky, represents the contribution of the
intrinsic termination rate constant, ki, while the second
term, ry2Ao/ (3Dy,), accounts for the diffusional phenomena
related to the termination of growing polymer chains. Note
that eq 30 is similar to eq 11 describing the variation of
initiator efficiency with conversion.

To obtain a measure of the significance of the diffu-
sional contribution relative to the intrinsic chemical term,
we introduce two characteristic time constants, rp; and
7Ry, related to the corresponding diffusional and chemical
term of eq 30.

30

e =12/38D,, TRy = (kA (81)
Accordingly, eq 30 is written in terms of 7 and g, as

Thus, if diffusion of growing polymer chains controls
the rate of termination, &, will be smaller that the intrinsic
rate constant k.

Dt > TRy kt < kto (33)

On the other hand, if 7p¢ is much smaller than 7g;, then
the termination rate constant, k,, will remain constant.

k=~ ky (34)

The calculation of the parameters r, and Dy, which
appear in the diffusion-controlled model (30), is discussed
next.

Calculation of the Termination Radius r.. r;is an
effective radius defining the reaction volume inside which
termination of “live” polymer chains can occur. An
estimation of r, can be obtained by the following
equation;13

r, = [In [10007%/ (N \w> /9117 (35)

TDt < 7'Rt,

with
7 =(3/2j "2 (36)

Ao denotes the total concentration of live radicals, and j.
is the entanglement spacing between polymer chains, j.
can be calculated by33

1_1_2¢

=t 87

J ¢ J c0 XcO
where ¢y, is the polymer volume fraction. 6 is the average
root-mean-square end-to-end distance of a polymer chain,
and X is the critical degree of polymerization for the
entanglement of polymer chains. The values of § and X
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parameters have been tabulated343 for a large number of
polymers. The value of j can be calculated from egs
35~37 assuming that at time zero (i.e., x = 0 and ¢, = 0)
the effective reaction radius, ri, is equal to the hydrody-
namic radius® of the polymer (Ry).

Calculation of the Effective Polymer Diffusion
Coefficient D,.. Termination of two live polymer chains
follows actually a two-step process. Initially, live polymer
chains move into close proximity by a pure translational
diffusion process. Subsequently, the two active ends of
the polymer chains reorient themselves (by segmental
diffusion) to find each other and react. Asa consequence,
the effective diffusion coefficient of the polymer chains
should include both translational and segmental contri-
butions of the macromolecules.?”

The translational diffusion coefficient can be assumed
to be equal to the self-diffusion coefficient of the polymer,
Dy, which is calculated from the generalized free-volume
theory of Vrentas et al.®

D, = (Dy/M,D expl~y(wp, Vyu* + @,V *619)/6,,V]  (38)
Note that the dependence of the diffusion coefficient on
the molecular weight follows the M2 law according to the
reptation theory.! M is the weight-average molecular
weight of the polymer.

The value of Dy is not usually known. In the present
study, Dpo was calculated from eq 38 at zero polymer
concentration.

D, = (DM, ?) expl—y/(£,3Vgy)] (39)
Dividing eq 38 by eq 39, we obtain

D/D; = (M, YM,”) expl~(v/;9[(w, V,* +
w0,V *E19)/ Vil - (1/ V)] (40)
However, the polymer diffusion coefficient, Dy, at wp

— 0 can be calculated from the Stokes—Einstein diffusion
equation3®

D,/ = kgT/(6mnRy) 4D

where kg is Boltzmann’s constant, T is the absolute tem-
perature, n, is the viscosity of the monomer, and Ry is the
hydrodynamic radius of the polymer.

To account for the segmental diffusion of the radical
chains, the self-diffusion coefficient, D,, is multiplied by
the factor Fo.g.3? Therefore, the effective diffusion coef-
ficient of the polymer, Dy, will be given by

D pe = F, mD P (42)
The parameter Fy; accounts for the probability of two

radicals to react when their active centers come into close

proximity. North3® has provided an analytical expression
for the calculation of F,; (see Table II). .

Termination at High Monomer Conversions. At
very high conversions, the self-diffusion coefficient of the
polymer becomes very small, which results in an unreal-
istically low value of k; according to eq 32. The reason for
this unreasonably low value of k. is that eq 38 does not
account for the motion of the radical chains caused by the
monomer propagation reaction.#® Russell et al.4? consid-
ered that, at very high conversions, the monomer prop-
agation reaction contributes to the migration of a radical
center, despite the actual translational immobility of the
polymer chain as a whole. This phenomenon is known as
“residual termination” or “reaction diffusion”.4!

Russell et al.#° proposed two different models based on
the chain end flexibility in order to calculate the residual
termination rate constant k: re,. Soh and Sundberg?3? used
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the volume swept out theory to develop a model for &; re,.
All models assume that the residual termination rate
constant is proportional to the frequency of monomer
addition to the radical chain end

kires = Ak [M] (43)

Soh and Sundberg3¢ provided the following equation
for the proportionality parameter A:

A = far 8N,/ (1000j, % (44)

where f; is an efficiency factor. On the other hand, Rus-
sell et al.#0 derived two equations for the estimation of A.
The first equation predicts a lower value for A, while the
second one gives an upper value.

A = 47682N, /(3 X 1000) (45)
A = 878% /2N, /(3 X 1000) (46)

Application of eqs 44-46 to an AIBN-initiated MMA
polymerization at T = 70 °C and [I], = 0.01548 mol/L
yielded the following values for the proportionality con-
stant A, respectively: 5.846, 0.703, and 9.353.

Note that the value of A calculated by the Soh and
Sundberg equation lies between the lower and the upper
value of A predicted by the Russell et al. equations. In
the present work, the arithmetic average of A calculated
by eqs 45 and 46 was used due to the fact that the chain
end will be neither completely rigid nor totally flexible.

On the basis of the above theoretical considerations,
the overall termination rate constant will be given by

kte = kt + kt,res (47)

Diffusion-Controlled Propagation Reaction

At very high conversions, even the movement of small
molecules is restricted. As a result, the propagation
reaction becomes diffusion-controlled. In the present
work, the propagation rate constant follows exactly the
same developments described in our previous paper.!
Accordingly, k&, is expressed in terms of the intrinsic
propagation rate constant k, and a diffusion term
accounting for diffusional limitations of the propagation
reaction.

(48)

The effective reaction radius rp, is assumed to be equal
tothe termination reaction ry, while the monomer diffusion
coefficient, Dy, is calculated from eq 24. In asimilar way,
we can define two characteristic time constants related to
the diffusion of monomer molecules (pp) and its reaction
(TRp)~

Tp = ra/3Dy TRy = (kA (49)

Using the characteristic times rpp and 7gp, we write eq
48 as

ky = koo/ (1 + 71y 75,) (50)
Depending upon the significance of diffusion phenom-
ena, one can obtain two limiting cases of eq 50:

TDp » TRD’ kp < kpo (51)

TDP (<4 TRp’ kp == kpo (52)
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In what follows, the general mathematical framework
developed to describe diffusion-controlled initiation, prop-
agation, and termination reactions is applied to the free-
radical polymerization of MMA and styrene. Experi-
mental results on total radical concentration, monomer
conversion, and molecular weights reported by Zhu et al.!0
and O’Driscoll and Huang*? are used to demonstrate the
validity of the new theoretical developments.

Kinetic Model Developments

The free-radical polymerization of MMA can be de-
scribed in terms of the following elementary reactions:

Initiation
kyq
I—2PR' + Gt
ki

PR*"+M— P,

Propagation
kP
P,+M—-P

Chain Transfer to Monomer

kg
P, +M—=P,+D,

Termination by Combination

ke
Pn+Pm—’Dn+m

Termination by Disproportionation
ke
P,+P,—D, +D,

All symbols are described in the Nomenclature. For a
well-stirred batch reactor, one can easily derive the
following moment differential equations®’ to describe the
progress of the reaction and molecular weight
developments:

dI I1dv
rrin ~kyl - Var (63)
d(PR") (PR") dV
T = 2fksl - k(PR )M — V& (54)
dM _ orf_ _Mdv
rri k(PR M (kp+ kMM, V d (55)
(:1_‘;‘ ~Voelk(PRY) + (k, + QA (L - X)  (56)
. 2_hodV
dt = k(PR M - k)\o V dr (567
5 = FPRIM = kAA, + kMA, + kM3 = \y) -
1 dv
Var (58)
dt = k;(PROM - R\ Ay + R, M(2N + M) +
2 dv

kM =N =7 55 (59)
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Ko dV

= (kg + Yok INE + M, - = Vit (60)
ki dV
d t = ko\, + kM - 5 (61)
du Ko dV
d—2-k>\0>\2+k)\ + kMM, - ‘ﬁdt (62)

where ¢ = (dp — dw)/d, is the volume contraction factor.

Inthe present work we do not employ the two commonly
used assumptions of quasi-steady-state approximation
(QSSA) and long-chain hypothesis (LCH). Equations 53—
62 were numerically integrated together with the appro-
priate diffusion models to obtain information on the
variation of the total radical concentration, A¢, monomer
conversion

and the number-average and weight-average molecular
weights of polymer.

M, = Wou/ug) M, =W (uy/py) (64)

At the same time, the variation of f, k;, and k, with
respect to polymerization time was calculated.

Application of the Diffusion Model to the MMA
Polymerization

The numerical values of all parameters appearing in
the kinetic model describing the free-radical polymeri-
zation of MMA are listed in Table I. Note that the values
of ki and kpo used in the present work are consistent with
thoserecently obtained by Buback et al.,** Olaj and Schnél-
Bitai,* and Davis et al.#®* The physical and transport
properties of the MMA-PMMA system are reported in
Table II.

Results on the AIBN-Initiated Polymerization of
MMA. In Figure 2, experimental results on conversion
and total radical concentration for the AIBN-initiated free-
radical polymerization of MMA are compared with model
predictions. Discrete points represent experimental mea-
surements reported by Zhu et al.1® Inthe same figure, the
gel effect index, GI = (Rp/Rp — 1), is also plotted with
respect to polymerization time. As can be seen, there is
an excellent agreement between experimental and pre-
dicted results for the total radical concentration although,
at high conversions, model predictions of conversion are
lower than the experimental measurements. This dis-
crepancy might be due to nonisothermal polymerization
conditions as discussed in the paper of O’Driscoll and
Huang.5 As Zhu et al.22 noticed, the total polymerization
time can be divided into four distinct regimes.

In the first stage of polymerization, the total radical
concentration remains constant and the gel effect index,
GI, is approximately zero. This stage is governed by the
“classical” free-radical kinetics, and the Kkinetic rate
constants, k; and k, (Figure 3), as well as the initiator
efficiency, f, (Figure 4) remain constant. Inthe conversion
range of 30-40%, the termination reaction becomes
diffusion-controlled since it involves the simultaneous
diffusion and reaction of two macroradicals. This results
in a decrease of k¢ according to eq 30, which is shown in
Figure 3. A decrease in k; brings about an increase in the
gel effect index, GI, and in the total radical concentration
asshown in Figure 2. During this stage of polymerization,
kpand f donotshow any appreciable variation (see Figures
3 and 4). The observed large decrease in k; is due to the
substantial decrease of the translational diffusion coef-
ficient of polymer chains (see eq 38). This phenomenon
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Table I
Kinetic Rate Constants for the MMA Polymerization

kpo = 2.95 X 107 exp(-4363/RT) (L/(mol min)) (ref 46)
ky = 5.88 X 108 exp(~701/RT) (L/(mol min)) (ref 46)

ki/ky, = 9.48 X 10° exp(-13880/RT) (ref 47)
Reo/keqg = 3.956 X 107 exp(4090/RT) (ref 48)

Initiators
parameter AIBN AIBME AVN LPO
0 0.58 (ref 49) 0.4 (ref 31) 0.6 (ref 51) 0.65 (ref 51)
kq (min1) 6.32 X 10'€ exp(-30660/RT) 60 exp(33.1 - 14800/ 60 exp(34.4 - 14670/ T) 60 exp(34.84 - 15400/ T)
(ref 49) (ref 31) (ref 51) (ref 51)

M; 68 100 110 156
Vi* (cm?¥/g) 0.913 (ref 30) 0.822 (ref 30) 0.96 (ref 30) 1.072 (ref 30)
&/Dio (8/cm?)  372.38 (caled) 6 =1, Dyp = 0.0201 cm?/s (ref 50)  0.2323 (calcd) 1.06 X 10~ (caled)
Y1 1.0 0.763 (ref 1) 1.0 1.0

Table II i0'° —
Physical and Transport Properties for the MMA-PMMA

System 10°

dm = 0.968 - 1.225 X 1073T (°C) (g/cm3) (ref 1)
dp=du(l+¢); ¢=0.183+9.0X 10T (°C) (ref 1)

Vim = 0.149 + 2.9 X 1074T (°C) (ref 34)

Vip=0.0194 + 1.3 X 104T~105); T <105 °C (ref 34)
V* = 0.822 (cm¥/g) (ref 30);  V* = 0.77 (cm¥/g) (ref 52)
Mj = Wiy, =100.13; M = 150

4 =0763 (ref1); &=86.9(A) (ref35); X = 100 (ref 34)
Fyeg = red[nre + 6(21/%) a5 rp)/ (167rg*) (ref 39)

re = 17 (A) (Kuhn’s segment length) (ref 53)

Gueg = 0.28 (for AIBN);  aseq = 1.024 (for AIBME) (caled)
re = (Ru)o

Do = 0.827 X 10710 (cm?/s) (ref 1)

7, = exp(~0.099 + 496/ T (K) - 1.5939 In [T (K)]) (Pa 8) (ref 54)
Ry = 1.3 X 10°M,,0574 (cm) (ref 55)

—

LoF  AIBN
T=70C
(1]o=0.0155 mol/L

X, [R], GI

20 40 60 80 100

Time (min)
Figure 2. Conversion (X), total radical concentration ([R]),
and gel effect index (GI) versus time for the AIBN-initiated bulk

polymerization of MMA (experimental data points: (A, W) ref
10).

is known as the gel effect. The maxima in the totalradical
concentration and the gel effect index mark the crossover
from stage 2 tostage 3 of the polymerization. Inthisregion,
the total radical population decreases as well as the po-
lymerization rate. This unusual change in [R*] can be
explained by the results of Figures 3 and 4. It can be seen
that, although the effect on kg, is relatively small, there is
a rather sharp decrease in the initiator efficiency, f, due
to the large decrease of primary radical diffusion coefficient
according to eq 21. Therefore, the diffusion of primary
radicals out of their cages is substantially hindered. As
a result, the number of initiator primary radicals which
are able to initiate new polymer chains falls. During this
stage, the observed decrease in k; is not as abrupt as in
stage 2. Actually, in stage 3 the translational diffusion
coefficient of “live” chains becomes very small, and any
movement of growing polymer chains is attributed to the
“residual termination” diffusion. During this stage, the

108

107

Kinetic Rate Constants

o e b

0.0 0.2 0.4 0.6

Conversion

Figure 3. Termination (k) and propagation (k;) rate constants
for the AIBN-initiated bulk polymerization of I\'fMA (conditions
same as in Figure 2).
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Figure 4. Initiator efficiency (f) and propagation rate constant
(k,) for the AIBN-initiated bulk polymerization of MMA
(conditions same as in Figure 2).

decrease in k; will be proportional to the decrease in &p
according to eq 43. In summary, we can say that the
passage from stage 2 tostage 8 is marked by the appearance
of two important physical phenomena associated with the
initiator efficiency and the termination rate constant. In
stage 3, the significant change in f is attributed to the
decrease of primary radical diffusion coefficient, while the
observed variation in k; has been linked to the residual
termination phenomenon.

Finally, at conversions about 80% the total radical
population starts slowly to increase up to the final
conversion. During this stage of polymerization, both &,
and f significantly fall while the polymerization rate
becomes approximately zero. The observed increase in
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~T T 17}

AIBME: 2
0.0217 mol/L

AIBME: 3
AIBN: | 23
0.0155 mol/. 0.0imollL
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Total Radical Concentration

Oe+0 -
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Time (min)

Figure 5. Total radical concentration for the bulk polymeri-
zation of MMA for different initiator types and concentrations
(experimental data points: (O) ref 10; () ref 25).

the total radical population is due to a further reduction
of k, as shown in Figure 3. This rather unusual behavior
of k, with conversion can also be seen in the experimental
data of Zhu et al.,’® Buback,®” and Shen et al.5®

Results on the AIBME-Initiated Polymerization
of MMA. In general, for the calculation of the variation
of initiator efficiency with conversion, one needs to know
the diffusion coefficient of the primary radicals, Dy, at ¢
= 0 as well as the initiation rate constant, ki (=ekg0), or,
otherwise, the parameter ¢, Note that the ratio ¢/Dy can
be calculated from the application of the initial condition
(28), which means that at zero conversion the initiator
efficiency will be f = f,.

For the AIBME-initiated polymerization of MMA, we
assumed that ko = kyo and Do = Dy due to the similarity
of AIBME primary radicals to the chain end of the growing
polymer chains.

The free-radical polymerization of MMA was simulated
using our general diffusion model for the experimental
conditions of O’Driscoll and Huang*258 (T = 60 °C, [I],
= 0.01 mol/L) and those reported by Shen et al.25 (T' = 60
°C, [I}p = 0.0217 mol/L). In Figure 5, the total radical
concentration is plotted with respect to time for two
different AIBME concentrations. Both results are com-
pared to the variation of the total radical concentration
obtained for the AIBN-initiated polymerization of MMA.
Curve 2 represents the experimental conditions of Shen
et al.,28 while curve 3 refers to the experimental conditions
of O’Driscoll and Huang.4256 Discrete points in curves 1
and 2 represent experimental data. It is important to
point out that the total radical concentration for the
experimental conditions of curve 3 shows a similar behavior
to the variation of [R*} observed for the AIBN-initiated
polymerization of MMA. Onthe other hand, the AIBME-
initiated polymerization of MMA, at higher initiator
concentrations, exhibits a monotonous increase with time
(curve 2). To egplain the observed difference in the
variation of the total radical concentration with initiator
concentration, the initiator efficiency, f, and the termi-
nation and propagation rate constants, k, and kp, are
plotted with respect to monomer conversion (Figures 6
and 7) for the two initial initiator concentrations ([Il; =
0.01 mol/L and [I}o = 0.0217 mol/L). Ascan be seen from
the results of Figure 6, at high initiator concentrations,
the decrease in f with conversion is smaller than that
estimated at the lower initiator concentration, [I]o = 0.01
mol/L. Thisdifferenceinthe variation of f with conversion
can be explained by the fact that the average chain length
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Figure 6. Initiator efficiency (f) versus conversion for the
AIBME-initiated MMA polymerization at different initial ini-
tiator concentrations.
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Figure 7. Termination (k) and propagation (k) rate constants
versus conversion for the AIBME-initiated MR‘IA polymeriza-
tion at different initial initiator concentrations.

decreases with initiator concentration. A smaller average
chain length will result in a decrease of the characteristic
time 7p; (see eq 12) due to the simultaneous decrease of
ry and increase in D;. Therefore, at higher initiator
concentrations, diffusion of primary radicals will be less
hindered than atlower initiator concentrations. The chain
length dependence of the characteristic time constants,
7t and Tpp, can also be invoked to explain the calculated
variation of k, and k; with respect to the initiator
concentration (Figure 7). It is apparent from the results
of Figures 6 and 7 that the initial initiator concentration
will affect the rate constants of all diffusion-controlled
reactions. This is a rather important result obtained by
the application of the new model to the bulk polymeri-
zation of MMA.

Subsequently, we examine the dependence of initiator
efficiency on the chemical structure of the initiator
molecules.

Dependence of fon Initiator Type. To show the
dependence of initiator efficiency, f, upon the chemical
structure of the initiator, the free-radical polymerization
of MMA was examined for three different initiators,
namely, 2,2’-azobis(isobutyronitrile) (AIBN), 2,2/,4,4"-te-
tramethyl-2,2’-azovaleronitrile (AVN), and dilauroyl per-
oxide (LPO).

Figure 8 illustrates the variation of f with conversion
for the three initiators. In all simulation runs, the po-
lymerization temperature was T' = 70 °C and the initial
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Figure 8. Dependence of initiator efficiency upon the type of
initiator (conditions same as in Figure 2).

initiator concentration was [I]Jo = 0.01548 mol/L. The
values of the ¢/D; parameter calculated from the appli-
cation of the initial condition (28) are reported in Table
I. Theresults of Figure 8 show that the initiator efficiency
does depend on the initiator type, especially at high
monomer conversions. It is important to mention that a
similar behavior for the initiator efficiency was reported
by Russell et al.2 The observed variation of f with
conversion and initiator type can be explained by exam-
ining the value of the molar volume VI*MJ-I arameter for
the three investigated initiators. The term Vi*M; appears
in eq 21 and describes the dependence of diffusion
coefficient of primary radicals upon the size of initiator
fragments and the free volume of the reacting medium.
Forthe initiators studied in this work, their molar volumes
are as follows:

initiator type V*Mj, cm¥/mol
AIBN 0.913 X 68 = 62.1
AVN 0.96 X 110 = 105.6
LPO 1.072 X 155 = 166.2

As can be seen the molar volume V*Mj; increases with
thesize of the initiator molecule. Thus, the LPO molecules
will have a larger molar volume than the AIBN and AVN
initiators. Therefore, according to eq 21, the diffusion
coefficient of LPO primary radicals will be significantly
lower than the diffusion coefficient of AIBN and AVN
radicals. A lower diffusion coefficient results in a large
increase of the characteristic time constant rp; (eq 12),
which brings about a decrease in f according to eq 13.

Prediction of Conversion and Average Molecular
Weights. The ability of the present model to predict
monomer conversion and molecular weight developments
isdemonstrated in Figures 9-11. InFigure9, experimental
data on conversion obtained by O’Driscoll and Huang®¢
are compared to model predictions of conversion shown
by the continuous line. Two sets of experimental points
are plotted in Figure 9, which correspond to the type of
ampules employed by O’Driscoll and Huang to maintain
isothermal polymerization conditions. Notice that ex-
perimental conversion values obtained with ordinary
ampules (i.e.,, squares in Figure 9) are higher than
conversion values measured in annular ampules (i.e., circles
in Figure 9). The reason is that, in ordinary ampules, it
is more difficult to maintain a constant polymerization
temperature due to the limited heat-transfer area of the
regular cylindrical ampules. As a result, the measured
polymerization rate in regular ampules might be higher
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Figure 9. Conversion versus time for the bulk polymerization
of MMA using AIBME as initiator (experimental data points:5
(0) annular ampules; () ordinary ampules).
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Figure 10, Conversion versus time for the bulk polymerization
of MMA using AIBME and AIBN as initiators (experimental
data points: (A) ref 10; (Q) ref 42).
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Figure 11. Weight-average (#,) and number-average (M,) mo-
lecular weight for the AIBME-initiated bulk polymerization of
MMA at T = 60 °C and [IJo = 0.01 mol/L (experimental data
points: ref 42).

than the one measured in annular ampules in which
isothermal conditions can be more easily established. Note
that the predicted conversion values agree with experi-
mental conversion data obtained in annular (i.e., isother-
mal) ampules.

In Figure 10, experimental conversion measurements
reported by Zhu et al.l® and O’Driscoll and Huang*? are
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Table II1

Kinetic Rate Constants for the Styrene Polymerization

kpo = 8.54 X 108 exp(-7051/RT) (L/(mol min)) (ref 46)
ky = 1.022 X 101 exp(~2268/RT) (L/{(mol min)) (ref 46)
kiw/kp = 1.0 exp(-3212/T) (ref 59)

X, {R]
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k;c = kt; ktd =0
Initiator
parameter AIBME
fo 0.4 (vef 42)
kg (571 exp(36.8 - 16100/ 7) (ref 42)
M 100
1* (cm¥/g) 0.822 (ref 30)
&/ Dy (8/cm?) 31.04 (caled)
Y1 1.0
Table IV

Physical and Transport Properties for the St-PSt System

d = 0.9236 - 0.887 X 1073T (°C) (g/cm?) (ref 34)
dp=dn(l+¢); €¢=0.137+44 X107 (°C) (ref 34)

Vim = 0.112 + 6.2 X 10T (°C) (ref 34)

Vip = 0.0245 + 1.4 X 104T - 82), T <82°C (ref 34)

V* = 0.846 (cm¥/g) (ref 30); o* = 0.85 (cm¥/g) (ref 52)
M= Wy = 10414, M, = 163 (ref 52)

v=0.999 (ref 1); 6="7.4(A) (ref 35); X0 = 385 (ref 34)
Foeg = rl[nre + 6(21/2)a5eerpl/ (167rp*) (ref 39)

re = 16.9 (A) (Kuhn's segment length (ref 53}

Gseg = 0.097 (caled)

rg = (Ru)o"

Do = 1.97 X 1078 (cm?/s)

7 = exp(-22.673 + 1758/ T (K) + 1.67 In (T (K))) (Pa s) (ref 54)
Ry = 1.31 X 10°M.,%5€¢ (cm) (ref 38)

compared to model predictions (i.e., continuous lines). It
is clear that the present model has the ability to closely
simulate experimental conversion data obtained by dif-
ferent laboratories without the need to resort to any kind
of parameter fitting.

In Figure 11, predicted number-average and weight-
average molecular weights are compared to experimental
data reported by O'Driscoll and Huang.4? It can be seen
that the prediction of My is very good. On the other hand,
the model fails to predict M values in the conversion
range of 20-60%. According to a recent publication by
Zhu and Hamielec,?! one could satisfactorily predict the
experimental variation in M, by considering two termi-
nation rate constants (i.e., k¢, and ki), one depending on
the number-average and the other on the weight-average
chain length of the terminating polymer molecules.

Application of the Diffusion Model to the Styrene
Polymerization. Todemonstrate the general application
of the new diffusion model to other polymerization systems,
we investigated the bulk free-radical polymerization of
styrene. The numerical values of the kinetic rate constants
for the styrene polymerization are given in Table III. Table
IV contains the physical and transport properties of the
St-PSt system.

In Figure 12, experimental conversion values are com-
pared to model predictions. The discrete pointsrepresent
conversion data obtained by O’Driscoll and Huang*? for
the AIBME-initiated isothermal (T = 60 °C) polymeri-
zation of styrene. Clearly, there is a good agreement
between experimental and predicted results. The variation
in the total radical concentration with time is also plotted
in Figure 12. Itisinteresting to see that the total initiator
concentration exhibits a similar behavior to the one
observed for the AIBN-initiated polymerization of MMA.

Finally, in Figure 13, predicted values of polydispersity
index are compared to experimental measurements.*? It
is apparent that the proposed model can satisfactorily
predict molecular weight developments related to the free-
radical bulk polymerization of styrene.

Time (min)

Figure 12. Conversion (X) and total radical concentration ([R*])
versus time for the AIBME-initiated bulk polymerization of
styrene at T' = 60 °C and [I], = 0.01 mol/L (experimental data
poi